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We construct Latin squares of order n=pq which have no proper subsquares 
when p and 4 are distinct primes and n # 6. 
1. INTRODUCTION 
A Latin square A = (ail) of order n and based on a set S of n distinct 
members is an n x n array in which each member of S occurs exactly once 
in each row and column of the array. If B is an m X m subarray of A and B 
is itself a Latin square then we say B is a Latin subsquare of A. Also, if 
m # 1 or n then B is a proper Latin subsquare of A. 
A set S of n distinct members is a quasigroup of order n if there is a 
binary operation (*) defined on S so that for any pair a, b E S the equations 
a * x = b and y * a = b each have exactly one solution. Clearly then, the 
multiplication table of a quasigroup is a Latin square. 
In [2, p. 4861, Denes and Keedwell ask if for all sufficiently large n there 
exist qua&groups of order n which contain no proper subquasigroups. As 
was pointed out by N. S. Mendelsohn in a letter to Keedwell such 
quasigroups always exist. To define such a quasigroup simply let 
s = { 1, 2,..., n] and then define (*) in such a way that i * i = i t 1, where 
i + 1 is calculated modulo n on the residues 1, Z,..., n. The question D&es 
and Keedwell intended to ask was, “For all suflciently large n does there 
exist a Latin square of order n which contains no proper Latin subsquare?” 
We shall show how to construct such squares of order n =pq, wherep and q 
are distinct primes and n # 6. 
Before we begin we note that it has been shown (see [3-6]) that for all n, 
n + 4, there exists a Latin square of order n with no proper subsquare of 
order two. Also, Rosa and Mendelsohn [7] have observed that if there exists 
a perfect l-factorization of the complete graph on n vertices then there exists 
a Latin square of order n - 1 with no proper subsquare. Such l- 
factorizations are known to exist when n =p t 1, 2p, for p prime, and when 
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n = 16, 28, 244 and 344. For definitions and further details of these 
factorizations the reader is referred to [l] and the references therein, 
2. PRELIMINARIES 
In this section we concern ourselves with some lemmas and definitions 
which will be used repeatedly in the constructions and proofs of Section 3. 
LEMMA 2.1. There exists a Latin square of order p, p prime, which has 
no proper subsquare. 
Proof. This is a well-known fact and a little thought shows that the Latin 
square representing the multiplication table of the group of order p has no 
proper subsquare. We shall write this square as A = (a,), where a, = 
i -l-j - 1 and i +j - 1 is calculated module p on the residues 1,2,...,p. li 
Note that Lemma 2.1 also says that if we take any two elements from A, 
say aij and akl, the subsquare generated by them is, in fact, the entire square 
A. 
Consider the Latin square A of Lemma 2.1. Any Latin square derived 
from it by either a permutation of its rows or columns, or by a relabelling of 
its members will be called an isotope of A. The set of all such isotopes will 
be denoted I&p), where p is the order of A. Clearly all isotopes of A have 
no proper subsquares. 
Furthermore, we have the following lemma, the proof of which is 
apparent. 
LEMMA 2.2. If C and X, subsquares of a Latin square, have more thaw 
one cell in common, and ifC belongs to I(A,p), then X contains the whole of 
c. 6 
3. THE CONSTRUCTION 
We begin by constructing a Latin square of order n =pq,p, q distinct 
primes and n f 6, which we shall refer to as D = (d,). Start with the Latin 
square B = (b,) of order p defined by b, =j - if 1, where j- ii- 1. is 
calculated modulo p on the residues 1,2,...,p. We shall henceforth write = to 
mean calculated modulo the relevant prime p on the residues 1,2,...,p* 
Clearly B E I(A,p). Choose some Latin square C based on the set ( 1,2,..., q 1 
from Z(A, q). Replace the element b, of B by the Latin square C,, where C, 
is obtained from C by adding (b,-- 1) q to each of its elements. The 
resulting square D has order w  and is based on the set (1,2,..., q, q + 1, 
4 -I- 2 ,..., 2%~.., (p - 1) 4 + 1, (p - 1) 4 + 2 ,... ,p4t. 
348 KATHERINE HEINRICH 
12345679810 67345219810 
23451798106 23451798106 
34512981067 34512981067 
45123810679 45123810679 
51234106798 51234106798 
67891021543 12891067543 
78910615432 78910615432 
89106754321 89106754321 
91067843215 91067843215 
10 6 7 8 9 3 2 1 5 4 10 6 7 8 9 3 2 1 5 4 
FIGURE 1 FIGURE 2 
Note that in the construction of D the choice of C need not be the same 
for each b,. In fact, we are going to make the following choices. Replace 
each b, by the Latin square A as defined earlier except for the two elements 
b, and b,, where r=l ifp=2, and r=i(P--1) ifp#2. In these two 
instances replace b, by the Latin square C’ = (C;), where 
c;= q if j=l-i 
= 2 if j=3-i 
=3-i-j otherwise 
and b, by the Latin square C* = (cc), where cc = 4 - i -j. Note that both 
C’ and C* belong to I@, q) and so have no proper subsquares. 
To illustrate, the square, D, of order 10 is shown in Fig. 1. 
We now specify a p x 2p Latin subarray, E, of the square D and exhibit it 
in Fig. 3. Note that each row of the subarray consists of the elements 
Within D permute the rows of the subarray E so that row i + 1 replaces row 
i, i = 1, 2 ,..., p - 1, and row 1 replaces row p. Call the new p X 2p subarray 
F. We have now derived from D a new Latin square, H = (h,), of the same 
order n. 
Again, to illustrate the construction, the square H of order 10 is shown 
above in Fig. 2. 
We claim that for n # 6 H has no proper subsquare and the remainder of 
this paper will be devoted to proving this. We require the following lemmas. 
LEMMA 3.1. Any proper subsquare of D has order q, or possibly p. 
Proof. Assume we have a subsquare X in D. Suppose that X contains 
two or more cells from some C,. Then by Lemma 2.2 X contains the whole 
of C,. If X has order q then C, is X and we are finished. Otherwise X has 
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order greater than q and so contains cells from some other C,. Repeatedly 
using Lemma 2.2 and the fact that B has no proper subsquare it follows that 
X is D. consequently for X to be proper it must contain exactly one cell 
from each C, (less than this is impossible as B has no proper subsquare) and 
so could possibly have order p. I 
The next two lemmas show that D cannot have a proper subsquare of 
order p. 
LEMMA 3.2. The Latin square D of order 2q, q prime and q > 3, ktas fzo 
proper subsquare of order 2. 
Proof. Assume X is a subsquare in D of order 2. According to Lemmas 
2.2 and 3.1, X must consist of the four elements d,, di,q+k, d,,isj and 
d q+l,q4k, i, L k, 1E {I, L., q}. 
Now, 
d,=i+j- 1, 
di,q+k = q + q if k=l--i 
=2+q if k=3-i 
=(3-i-k)+q otherwise, 
d q+l,j=Cz+jm1)+4 
and 
Itfollowsthati+j-1=4-Z-k;Z+j-1=qifk=1-i,2+j-1=2 
if k=3-i and Z+j--1=3-i-k in all other cases. But each of these 
three pairs of equations has no solution. Therefore, there is no order 2 
subsquare in D and C,, , C12, C,, and C,, are the only proper subsquares of 
D. m 
LEMMA 3.3. The Latin square D of order pq, p, q prime and q > p > 2, 
has no proper subsquare of order p. 
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ProoJ: Assume that X is a proper subsquare in D of order p. We can, 
again due to Lemmas 2.2 and 3.1, assume that the elements of the first two 
columns of X are 
dj,= i, +j- 1, 
d q+iz,j=Ci2 +j- l)+ (P- l)q9 
d 2q+ ia,j - (&+.i-l)+(P-2)% 
d@--2jq+i,-ij= ((-,-1 +j- 1) + 2q, 
d 
(P- 1)qtip.j - -(i,+j- l)+q, 
and 
41,iJ+k = (i,+k-l)+q, 
dq+iz,q+k= i2 + k - 1, 
d2q+i3,q+k = &+k-l)+(p-114, 
d@-2M+ip--1.q+k =(ipwI+k-1)+3q, 
dCp-I)q+ip,q+k= (i,+k--1)+2q, 
where i,, i, ,..., ip, j, k f { 1, 2 ,..., q}. 
Since X is a Latin subsquare of order p we must have 
i,+j-l=i2+k-1, 
i,+j-l=&+k-1, 
ip--l+j-l=ip+k-l, 
i,+j-l=i,+k-1, 
from which it follows that j = k and hence i, = i, = . . . = ip. Consequently X 
must be the Latin square as shown in Fig. 4; the above argument being used 
repeatedly to obtain the first p - 1 columns. 
However, di,q+j and dQ-2jq+i,(p--ljq+k must be equal and so k=j. We 
also require that d~~-3),2-l)q+i,@-2)qtj and d~(p-2)/2-l)q+i,(p-lI)q+j be equal 
and hence 
i+j-l=q if j = 1 - i, 
i+j-1=2 if j = 3 - i, 
i+j-1x3-i-j otherwise. 
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di,q+j .‘. 
dq+i,q+j .‘. 
AlSO di.t and dcp-l)q+i,@-I)q+j must be equal implying that i +j - 1 = 
4 - i-j. In each of the three resulting sets of equations there is no solution 
for i and j when q > 3. 
Therefore there is no subsquare of order p and the only proper subsquares 
in D are the C,, i,jE {1,2 ,..., p}. a 
We now know that D only contains subsquares of order q. What remains 
to be shown is that in transforming D into the Latin square H these order q 
subsquares are destroyed and no other subsquare is introduced. 
LEMMA 3.4. The Latin square H of order 2q, q prime and q > 3, has no 
proper subsquare. 
Proof. First, it is clear that the four Latin squares C,, , C,, , Czl and Czz, 
the order q subsquares of D, are not subsquares in H. By Lemmas 3.1 and 
3.2 it is also clear that any proper subsquare in H must have order 2 and 
contain at least one of the elements 
It is a simple matter to check that no subsquare of order 2 can contain two 
or more of these elements. Thus the subsquare contains exactly one of them 
and this possibility is also quickly disposed of. Consequently H has no 
proper subsquare. m 
LEMMA 3.5. The Latin square H of order pq, p, q prime and q > p > 2, 
has no proper subsquare. 
Proof. Again, it is clear that the squares C,, the order q subsqu~es in 
D, are not proper subsquares in H. We need now only show that in 
transforming D into H no proper subsquare has been introduced. 
Due to the construction of H and the consideration of earlier lemmas it is 
apparent that if X is a proper subsquare in H it must contain at least one of 
the elements of the subarray F. Consider, first, the possibility that X contains 
two elements from F. Obviously, we can assume that they occur in the same 
row. By considering each such possibility and in each case using an 
argument similar to that in Lemma 3.3, one sees that X must in fact be H. It 
follows then, that if X is to be a proper subsquare in H, it must contain 
exactly one element from F. Clearly X has order at most p and again using 
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arguments as in Lemmas 2.2 and 3.3, we see that X cannot have order 
greater than 2. 
We are now left with X having order 2 and exactly one element from F, 
say hsq+ l,tq+ 1. (A similar argument follows in the case when the element is 
h sq+l,tq+2.) Let the second occurrence of this element (in X) be huq+i,uq+j, 
if 1, j# 1,2. Then 
x= a+(t-s- I)q 
[ 
b+(u-s)q 
c + (t - u)q 1 d f (v - u)q ’ 
where a = d and b = c (mod q), a, b, c and d depending on i and j, and 
v--s=‘I---u and u--urt--s-- 1 (modp). Notethat at this point only, we 
write in the congruence so as to avoid any confusion. Henceforth, they will 
be omitted as before. First, the second equation is inconsistent unless p > 3 
and in this case reduces to s - u = v - t = t(p - 1). There are three different 
possibilities to consider. 
Case 1. Let us first assume that no cell of X lies in the last q columns of 
H, that is, t#p-1 and vfp-1. We then have l=i+j-1 and i=j, 
which is impossible. 
Case 2. In this case we assume hs4+l,t4fl lies in the last q columns of 
H, that is, t =p - 1 and hence v = (p - 3),/2. All possibilities except three 
follow as in Case 1. These three to be considered separately are s =p - 2, 
u = (p - 3)/2 and u =p - 1. The first and second are equivalent as 
s =p - 2 if and only if u = (p - 3)/2, and so we need consider only the two 
cases s=p-2 and u=p- 1. If s=p-2 we have u= (p-3)/2, It then 
follows that a = 2, b = j, c = i if i = 2 or q and c = 2 - i otherwise, and 
d=i+j-1. If u=p-1 then s=(p-3)/2 and hence a= 1, b=j, 
c=3-iandd=i+j-l.Inbothcaseswecannothavea=dandb=c. 
Case 3. This final case occurs when huq+i,vq+j lies in the last q columns 
of H, that is, v =p - 1 and hence t = (p - 1)/2. Again, all possibilities are 
as in Case I except for the four exceptions, u = (p - 3)/2, zc =p - 1, 
s=(p-3)/2 and s=p-1, Since u=p-1 if and only if s=(p-3)/2 
then the second and third cases are the same and we thus consider them 
together. If u = (p - 3.)/2 then s =p - 2. From this we have a = 1, b = j, 
c=iandd=qifj=1-ii,d=2ifj=3-iandd=3-i-jotherwise.If 
u=p-I and s=(p-3)/2 then a= 1, b=j if j=2 or q and b=2-j 
otherwise,c=iandd=4-i-j.Ifs=p-lthenu=(p-l)/2anda=1, 
b = 3 -j, c = i and d = i + j - 1. In none of the above thee possibilities is it 
possible to have both a = d and b = c. 
All possibilities have thus been exhausted. It follows then that N has no 
proper subsquare. fl 
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We can now state the main result. 
THEOREM 3.6. There exists a Latin square of order n =pq, where p aed 
q are distinct primes and n $r 6, which has no proper subsquare. 
Proof: The proof follows immediately from the preceeding Iemmas. 
Every Latin square of order 6 contains a proper subsquare. This is found on 
checking all non-isomorphic Latin squares of order 6 as given in 12, 
p. 130-1371. I 
However, the question of the existence of Latin squares with no proper 
subsquares is still far from answered. We note that, as well as the Latin 
squares constructed here, there also exist Latin squares with no proper 
subsquares for orders n = 2p - 1, p prime, 27, 243 and 343. As well, there 
exist Latin squares of order 8 (see Denniston [3] and Kotzig, Turgeon and 
Regener [5]) which have no proper subsquares. One such square of order 8 
is exhibited below in Fig, 5. 
12345678 
23156784 
31467825 
46821357 
58273461 
65718243 
74582136 
87634512 
FIGURE 5 
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